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This paper presents some results linking the minimal polynomial of the ad- 
jacency matrix of a graph with its group structure. An upper bound on the order of 
the group is derived for graphs whose minimal and characteristic polynomials are 
identical. It is also shown that for a graph with transitive group, the degree of the 
minimal polynomial is bounded above by the number of orbits of the stabilizer of 
any given element. Finally, the order of the group of a point-symmetric graph with 
a prime number of points is shown to depend on the degree of the minimal 
polynomial, and an algorithm for constructing such a group is given. 
1. INTRODUCTION 
Connections between the spectrum of a graph and its automorphism group 
have been explored in [4, 9-l 11. In this paper we establish some results link- 
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ing the minimal polynomial of the adjacency matrix of a graph with its 
group structure. In particular we give an upper bound on the order of the 
automorphism group of a graph whose adjacency matrix is non-derogatory. 
This bound is a function of the degree of the minimal polynomial of the 
graph. Next we show that for a graph with a transitive automorphism group, 
the degree of the minimal polynomial is bounded above by the number of or- 
bits of the stabilizer of any given element. Finally, building on some work of 
Turner [ 141, Alspach [I], Chao [5], and Chao and Wells [6], we use the 
degree of the minimal polynomial to determine the order of the 
automorphism group of a point-symmetric graph with a prime number of 
points. An algorithm for constructing the group of such a graph is also 
given. 
Although most of the discussion concerns graphs, some of our results are 
stated in terms of diagraphs and nets. Notational conventions to be used 
throughout the paper follow. We will use N, D, and G to denote a net, a 
digraph, and a graph, respectively (see Harary [8] for definitions of graph 
theoretic terms). If X is a digraph or graph, V(X) denotes the set of points, 
and E(X) the set of edges of X. r(X) denotes the automorphism group of X, 
where X is a net, digraph or graph; for the same cases we will use A(X) to 
denote the adjacency matrix of X. 
The minimal and characteristic polynomials of the adjacency matrix A(G) 
of a graph G will be denoted by ,u&) and 4&c), respectively, and for 
simplicity will be called the minimal and characteristic polynomials of the 
graph G. A(G) is said to be non-derogatory if p&x) = $&). We will use 
deg,uu, to signify the degree of ,uc. 
If y is an automorphism of G, P(y) denotes the permutation matrix 
corresponding to y. A digraph D is said to be point-symmetric if its 
automorphism group acts transitively on the points of D. A PPS digraph is a 
point-symmetric digraph with a prime number of points. Z, will be used to 
denote the integers modulo p, and Zz = Z, - { 0). The identity matrix of or- 
der n will be denoted by I,, , and tr A will be used to signify the trace of the 
matrix A. 
2. GRAPHS WITH NON-DEROGATORY ADJACENCY MATRIX 
It was proved in [lo] that the group of a graph with non-derogatory ad- 
jacency matrix is elementary abelian, i.e., every non-trivial automorphism 
has order 2. Since, in addition, on any subfield of the complex field the 
minimal polynomial is a product of distinct, irreducible factors, the following 
obtains. 
THEOREM 1. Let G be a graph with non-derogatory adjacency matrix 
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A = A(G) over a subfield Q of the complex field, and let k be the number of 
the distinct irreducible factors of the minimal polynomial &c). Then I’(G) is 
elementary abelian of order 2”, where m < k - 1. 
Proof Because A is symmetric on the complex field and a fortiori over 
Q, the minimal polynomial will always be a product of distinct primes. 
Suppose G has n nodes and ,u~(x) = flf=i pi(X), where lui(X) is irreducible 
of degree ni over Q for 1 < i < k. Then A is similar over Q to a matrix 
a = diag[a, ,A2 ,..., a,], where Ai= diag[Ai, Al,..., Ai] 
with Ai the companion matrix of pi(X). Since A is non derogatory, Ali = Ai 
and every matrix commuting with A is a polynomial in A (see [ 131). In par- 
ticular any permutation matrix P(y), y E r(G), is a polynomial in A since a 
permutation 0 is an automorphism of G if and only if P(o) commutes with 
A. 
Now let U be the non-singular matrix satisfying A = UAU-’ and let 
y E T(G). Then P(y) = f (A) = Uf (A) U-’ for some polynomial f (x) over Q, 
so that P(y) is similar to f (Al) = diag[B,, B2,...,Bk], where Bi =f (AJ, 
1 < i < k. The assumption that A is non-derogatory guarantees that 
P’(y) = I,, (see [7]). Hence Bf = Ini for 1 < i < k. Since Ai has minimal 
polynomial ,q(x) which is irreducible, Q[Ai] is a field (isomorphic to 
Q[X]/,L,!i(X)); and since the only solutions of x2 - 1 in Q[Ai] are I,,,. and -Ini, 
Bi E {Ini, -Ini}. Thus for y E T(G), P(y) = Udiag[B,, B, ,..., Bk] U-l, where 
each Bi E {Ini, -Ini). 
IfBf=-Bi, l<i<k,wehave 
Udiag[B’,, B; ,..., B;] U-’ = -Udiag[B,,B, ,..., BJ U-‘. (1) 
Hence at most half of the 2’( possible assignments to the B;s are feasible 
solutions. Thus 1 T(G)1 < 2k- ‘, which concludes the proof. 
COROLLARY 1 (Mowshowitz [lo]). If &(x) is irreducible over the 
integers, then T(G) is trivial. 
Proof A(G) is clearly non-derogatory and k = 1. 
COROLLARY 2. If the characteristic polynomial of a graph G over the in- 
tegers splits into two distinct irreducible factors of degree n, and n2, n l > n,, 
then either T(G) is trivial or its only non-trivial automorphism consists of n2 
disjoint transpositions. 
Proof If T(G) f {I} then by the Theorem there can be only one non- 
trivial permutation y in T(G). The trace of P(y), a non-negative integer, is 
also the number of points fixed by y; from the proof of the Theorem it is 
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clear that this number is given by ~1, - n, . Hence n2 is the number of cycles 
of ‘y, and n, the number of orbits of Z(G). 
This remark can be generalized as follows. 
COROLLARY 3. Let G be a graph whose characteristic polynomial is a 
product of k > 3 distinct irreducible factors over the integers, of degrees 
n&n&- > nk. Then either ( T(G)1 < 2k-2 or n, is precisely the number of 
orbits of T(G). 
Proof: According to the Theorem, there exists a matrix U such that for 
each y E Z(G), 
P(y) = Udiag[B,, B, ,...) Bk] u-l, 
where each Bi is either Z,i or -Ini. By (1) and the hypothesis that 
1 Z-(G)\ = 2k-’ one and only one of each pair diag[B,, B2,..., Bk] and 
diag[-B,, -B2,..., -Bk] is similar to an element of T(G). If one of these two 
has a positive trace, surely it must be the one similar to an element of r(G). 
Therefore if any element of the form diag[-Z,,, B2,..., Bk] is similar to 
some element of Z(G), then in particular 
B = U diag [-Zn, , I,, , I,, ,..., 1,,1 U- ’ 
must be in Z(G). Now both 
and 
diag[Z,, , Z,*, Z,, 9 -Z,,,.*., Z,,i+ 19 -‘n2i+Zy***I 
having positive trace, are similar to elements of Z(G); hence the same holds 
for their product. Therefore 
c = Udiag[Z,, , Z,,*, -Zn3,..., --I,,1 u-’ 
is in T(G); and so is 
BC = U diag [ -I,, , I,,, , -Znj, -Z,,, ,...Y -I,,1 u- ‘3 
which is absurd since its trace is negative. Hence in the case 1 Z(G)] = 2k-’ 
the elements of Z’(G) are exactly all the elements of the form 
Udiag[+Z,,,, B, ,..., Bk] U- ‘, where Bi can be Zni or -Zni for 2 < i < k. 
Now the corollary follows at once by observing that the number of orbits 
of Z(G) is given by Burnside’s Lemma to be 
-- I &I v& tr p(y) =-&2kW1n,=n,. 
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COROLLARY 4. Let G be a graph with n points, n > 3, whose charac- 
teristic polynomial is the product over the integers of k distinct prime factors 
of degrees n, 2 n2 > a.* > nk. Then if n, < n/2, 1 T(G)1 & 2k-2. 
Proof: Indeed if ] T(G)] = 2k-’ then by the previous corollary U diag(l,, , 
-4l2, -&p.., -Z,J U-l is in r(G); hence its trace is non-negative and 
n, > n/2. 
Figure 1 exhibits a graph with five points and non-derogatory adjacency 
matrix. Here k = 3, ( T(G)] = 4 is exactly equal to 2k-‘, and n, = 3 is the 
number of orbits of T(G). 
FIGURE I 
#&) = (2 - x2 -4x+2)(x+ 1)x 
r(G) = (4 (v,v ~,)@2)@4W9 (~29 v,)(v~)(vd(vd~ 
@, 9 vd(v27 v3)(vdl 
Figure 2 shows a graph with five points whose characteristic polynomial 
splits into three factors, with n, = 2 < 5/2; the automorphism group has or- 
der two. 
FIGURE 2 
#G(X) = (x2 -x -3)(x2+x- 1)x 
r(G) = K (v,, Mv29 v,)(v,)} 
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3. POINT SYMMETRIC DIGRAPHS 
Let N be a net on n points, A(N) its adjacency matrix over the complex 
field. The set r”” = {P(y) ] y E r(N)} is a faithful representation of the 
automorphism group of N. Maschke’s theorem (see, for example, [7]) 
assures us that on the complex field, I”” is completely reducible. Hence there 
exists a fixed matrix U such that for each y E T(N) 
UP(y) U-’ = diag[w...,m], 
11 lr 
(2) 
where CT= I limi = n, mi being the dimension of {D,(y)}, an irreducible 
representation of r(N). 
We can now state the following. 
LEMMA 1. The number of distinct eigenvalues of A(N) is less than or 
equal t0 C;=, li. 
ProoJ: Let d be the algebra of all matrices commuting with all elements 
of T*. Then (see, for example, [2]), we have for each element B in d 
UBU-’ = diag[B,, @ I,,,,,..., Blr 0 I,J, (3) 
where Bli is a matrix of dimension Zi and @ denotes the Kronecker product. 
Therefore the number of distinct eigenvalues of any matrix in d is less 
than or equal to C{=i Zi. But A(N) commutes with all matrices in F, from 
which the lemma follows. 
It is an obvious consequence of a theorem of Petersdorf and Sachs [ 11, 
p. 8961 that the adjacency matrix of a point-symmetric graph with n > 2 
points is derogatory. This also follows easily from the lemma because if G is 
a graph with n > 2 points and A(G) is non-derogatory, we have 
n = deg ,u, = C’=i li, which implies by (2) that mi = 1, 1 < i < r. Hence 
T(G) cannot be transitive because in such a case the representation module 
associated with r” must contain only one one-dimensional invariant sub- 
space (Wielandt [ 15, Theorem 29.1 I). 
Again suppose N is a net with n points and r(N) its automorphism group. 
Let rUi E r(N) denote the stabilizer of the element Vi and O(r,,,) the number 
of orbits of TUi. It is well known that if r(N) is transitive, then 
OtrUi) = O(r,,jh 
1 <i,j<n. 
THEOREM 2. Let N be a net whose automorphism group T(N) is tran- 
sitive. Then the number of distinct eigenvalues of A(N) is bounded above by 
the number of orbits of the stabilizer of any given element. 
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Proof: By a theorem of Schur [ 121 (quoted also in [3]), the order of the 
algebra d of the matrices commuting with all elements of P is equal to the 
number of orbits of TUi, the stabilizer of vi, On the other hand, by decompos- 
ing r” into its irreducible components, we see from (3) that the order of LI is 
also equal to CT= i Zf. Hence O(r,,) > CF=i Zi, and by the lemma the 
theorem follows. 
COROLLARY 5. Let G be a point-symmetric graph, ,u&x) its minimal 
polynomial. Then deg put < O(rUi). 
ProoJ This is an immediate consequence of the fact that A(G) is sym- 
metric, so that on the complex field its minimal polynomial has the form 
rUGCx) = Iii Cx - ni), where Izi f Izj are the distinct eigenvalues of A(G). 
4. POINT-SYMMETRIC GRAPHS AND DIGRAPHS WITH A PRIME NUMBER OF 
POINTS 
The following definition is due to Turner [ 141. 
DEFINITION. A digraph D with p points is a starred polygon if the ver- 
tices v E V(D) may be labelled in such a way that 
(Vi 3 Vj) E E(D) iff (v i+ky vj+k) E E(Dh for k= 1,2 ,..., p- 1, 
where the operations on the subscripts (throughout this section) are taken 
modulop. The symbol S of a starred polygon is the set 
S = (i ) (v~, Vi) E E(D)}. 
If D is non-trivial we may assume that 1 E S. Turner [ 141 showed that a 
graph with a prime number of points is a PPS graph if and only if it is a 
starred polygon. The proof given by Turner also holds for digraphs. Alspach 
[ 1 ] used this result to prove that a PPS digraph D of order p with symbol S, 
which is neither the null nor the complete digraph, has automorphism group 
given by r(D) = { Ta,b 1 a E H, b E ZP}, where To,,(Vi) = V,i+b and H is the 
largest subgroup of 2; such that S is a union of cosets of H. Moreover it is 
easy to see that r(D) = rU,, x K where rUO = { T,,O ] a E H} is the stabilizer of 
v,, and K = {T,,, ( b E Z,}. Similar results are presented in Chao and Wells 
[6] and Chao [5]. 
The algorithms that Alspach, and Chao and Wells give for constructing 
T(D) when D is a PPS digraph can be slightly improved using the basic 
property of starred polygons, namely that if their vertices are labelled in a 
clockwise direction, the resulting adjacency matrix is a circulant matrix. 
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We can write A(D), when D is a PPS digraph in the following way 
I 
0 a, az ... a,-, 
ap-l 
A(D)= : 
0 a, .-a app2 
. 
a, a2 a3 a.* 0 I 
The eigenvalues ak of this matrix are given by ak = u:: atik, 
0 < k <p - 1, where LO is a primitive pth root of unity. When k = 0, 
a, = z:: aj is exactly the outdegree of D, all the other eigenvalues being 
non-integers. The following lemma uses the technique of Theorem 2 of Tur- 
ner [ 141. 
LEMMA 2. Let D be a PPS digraph with p points. Then ak = a, tf and 
Only if Tk,O E rvo* 
Proof Because of the linear independence of the primitive roots of unity 
over the field of rational numbers, ak = a1 if and only if aj = ajk, 
1 < j < p - 1. But this is equivalent to the condition (u,, Uj) E E(D) iff 
(V,, ujk) E E(D), that k Tk,O E r,,,. 
From this Lemma it follows that ak = a, iff { jk ) j E S} = S, and that 
r(D)= {Tk,t,Iak=al,bEZp} (4) 
This yields the following. 
COROLLARY 6. Let D be a PPS digraph with p points which is neither 
the null nor the complete digraph. Then ( P(D)1 = mp, where m is the number 
of eigenualues ak equal to aI. 
Algorithm for Determining the Automorphism Group of a PPS Digraph 
The group is completely determined by (4) once we have found all those 
k E 2; such that ak = a,. Since 1 E S implies k E S when ok = a,, we have 
only to check for those elements k of S that satisfy the relation 
{ jk 1 j E S } = S. The search can be further shortened by remembering that m 
is a divisor of p - 1 and of ) S 1. In the case of a PPS graph the algorithm 
can be easily simplified. Let S’ = {j E S 1 j < (p - 1)/2}. Then one has only 
to determine which elements k of S’ are such that { jk ( j E S’ } c S. If k is 
one such element, then obviously both a[k and (rp-k are equal to a, . 
EXAMPLE 1 (Alspach [ 1 I). Let G be a graph with p = 29, S = { 1, 3, 5, 
12, 17, 24, 26, 28). Since none of 3 X 3, 5 X 3, 12 X 3 is in S, m = 2 and 
( T(G)1 = 58. 
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EXAMPLE 2 (Chao and Wells [6]). Let G be a graph with p = 13 and 
S = { 1,5,8, 12). Since 5 x 5 E S, m = 4 and ] T(G)/ = 52. 
EXAMPLE 3. Let D be a digraph with = p 73 and S = { 1, 5, 8, 21, 22, 
28, 30, 40, 64). We have 5 x 5 = 25 & S, and so a5 # a, and m < 9; 
8 x 5 = 40, 8 x 8 = 64, 8 x 21 - 22, 8 x 22 = 30, 8 x 28 = 5, 
8~30=21,8~40=28,8~64= l,whichimpliesa,=a,andm>l. 
It follows immediately from the fact that m must divide ] S 1 = 9 that m = 3 
and ] I’(D)1 = 219. Since k x 64 = k x 8 x 8 = k X 8, ah4 is the other 
eigenvalue equal to a,. 
THEOREM 3. Let G be a PPS graph of order p which is neither the null 
graph nor the complete graph. Then I T(G)1 = p(p - l)/deg puG - 1. 
ProoJ Since ( T(G)/ = I K I I rUO ( =p ) I’“0 I, the theorem follows once we 
have proved that degp, - 1 = (p - l)/] I-‘00 I. By Corollary 6 this is 
equivalent to showing that the number of distinct non-integer eigenvalues of 
A(G) is given by p - 1 divided by m. This is obvious, since, for example, if 
ak= al we have that aj= ajk, 1 <j <p- 1. 
But then 
P-l P-l 
ahk = x ajdthk’ = c ajkmhCik) 
j=l j=l 
j=l 
Therefore if ok,) ok2 )...) akm are the m eigenvalues equal to a 1 (ki f kj , 1 < i, 
j < m) and h # ki (1 < i < m), then ahk,, ahkl,“‘, ahkm are all equal, and of 
course hki f hkj, 1 < i, j < m. 
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